
Complex Trigonometric Functions 

𝑒௜௫ ൌ cos 𝑥 ൅ 𝑖 sin 𝑥     and     𝑒ି௜௫ ൌ cos 𝑥 െ 𝑖 sin 𝑥 

sin 𝑥 ൌ
𝑒௜௫ െ 𝑒ି௜௫

2𝑖
        and     cos 𝑥 ൌ

𝑒௜௫ ൅ 𝑒ି௜௫
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sin 𝑧 ൌ
𝑒௜௭ െ 𝑒ି௜௭

2𝑖
         and     cos 𝑧 ൌ

𝑒௜௭ ൅ 𝑒ି௜௭
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tan 𝑧 ൌ
sin 𝑧
cos 𝑧

,   cot 𝑧 ൌ
cos 𝑧
sin 𝑧

,   sec 𝑧 ൌ
1

cos 𝑧
,   csc 𝑧 ൌ

1
sin 𝑧

 

 Examples: 

cos 𝑖 ൌ
𝑒௜∙௜ ൅ 𝑒ି௜∙௜

2
ൌ

𝑒ିଵ ൅ 𝑒
2

 ~ 1.5431 

tanሺ𝜋 െ 2𝑖ሻ ൌ

൫𝑒௜ሺగିଶ௜ሻ െ 𝑒ି௜ሺగିଶ௜ሻ൯
2𝑖

ሺ𝑒௜ሺగିଶ௜ሻ ൅ 𝑒ି௜ሺగିଶ௜ሻሻ
2

ൌ
െ𝑖൫𝑒௜గ𝑒ଶ െ 𝑒ି௜గ𝑒ିଶ൯

ሺ𝑒௜గ𝑒ଶ ൅ 𝑒ି௜గ𝑒ିଶሻ
 

ൌ െ
ሺ𝑒ଶ െ 𝑒ିଶሻ
ሺ𝑒ଶ ൅ 𝑒ିଶሻ

𝑖   ~   െ 0.9640𝑖 

 

Complex Trigonometric Identities (most complex Trig identities match their real counterparts) 

sinሺെ𝑧ሻ ൌ െ sin 𝑧   

cosሺെ𝑧ሻ ൌ cos 𝑧  

sinଶ 𝑧 ൅ cosଶ 𝑧 ൌ 1 

sinሺ𝑧ଵ േ 𝑧ଶሻ ൌ sinሺ𝑧ଵሻ cosሺ𝑧ଶሻ േ cosሺ𝑧ଵሻ sinሺ𝑧ଶሻ 

cosሺ𝑧ଵ േ 𝑧ଶሻ ൌ cosሺ𝑧ଵሻ cosሺ𝑧ଶሻ ∓ sinሺ𝑧ଵሻ sinሺ𝑧ଶሻ 

sinሺ2𝑧ሻ ൌ 2 sinሺ𝑧ሻ cosሺ𝑧ሻ 

cosሺ2𝑧ሻ ൌ cosଶሺ𝑧ሻ െ sinଶሺ𝑧ሻ 

 

Derivatives of Complex Trigonometric Functions 

𝑑
𝑑𝑧

sin 𝑧 ൌ cos 𝑧                        
𝑑

𝑑𝑧
cos 𝑧 ൌ െ sin 𝑧 

𝑑
𝑑𝑧

tan 𝑧 ൌ secଶ 𝑧                      
𝑑

𝑑𝑧
cot 𝑧 ൌ െ cscଶ 𝑧 

𝑑
𝑑𝑧

sec 𝑧 ൌ sec 𝑧 tan 𝑧              
𝑑

𝑑𝑧
csc 𝑧 ൌ െ csc 𝑧 cot 𝑧 

𝑒௜గ ൌ െ1,   𝑒ି௜గ ൌ
1

𝑒௜గ ൌ െ1 



A Couple of Interesting Results Involving Complex Numbers 

 𝒊 to the power of 𝒊, i.e., 𝒊𝒊  

𝑒௜ఏ ൌ cos 𝜃 ൅ 𝑖 sin 𝜃 (two proofs are in the Calculus Handbook) 

𝑒௜గ ൌ cos 𝜋 ൅ 𝑖 sin 𝜋 ൌ െ1 This implies that:  𝑒௜గ ൅ 1 ൌ 0 

𝑒௜గ/ଶ ൌ √െ1 ൌ 𝑖 

𝑖 ൌ 𝑒௜గ/ଶ 

𝑖௜ ൌ 𝑒௜∙௜గ/ଶ 

𝑖௜ ൌ 𝑒ିగ/ଶ ~ 0.20788 (𝑖௜ is real and approximately 1/5) 

 

 Solving equations:  multiply equation by 𝑒௜௭ and use the quadratic equation.  Example: 

sin 𝑧 ൌ 5, 0 ൑ 𝜃 ൏ 2𝜋  (weird, but possible in complex analysis) 

sin 𝑧 ൌ 5 

𝑒௜௭ െ 𝑒ି௜௭

2𝑖
ൌ 5 

𝑒௜௭ െ 10𝑖 െ 𝑒ି௜௭ ൌ 0 

𝑒ଶ௜௭ െ 10𝑖𝑒௜௭ െ 1 ൌ 0 note: this is quadratic in 𝑒௜௭ 

𝑒௜௭ ൌ
10𝑖 േ √െ100 ൅ 4

2
ൌ ൫5 േ √24൯𝑖 ൌ ൫5 േ 2√6൯𝑖 

𝑖𝑧 ൌ lnൣ൫5 േ 2√6൯𝑖൧ 

𝑧 ൌ െ𝑖 ∙ lnൣ൫5 േ 2√6൯𝑖൧  

𝑧 ൌ െ𝑖 ∙ ൣln൫5 േ 2√6൯ ൅ ln 𝑖൧   

Note, from above, that  𝑒௜గ ൌ െ1,  so  𝑒௜గ/ଶ ൌ 𝑖,  and then:  ln 𝑖 ൌ గ

ଶ
𝑖 

𝑧 ൌ െ𝑖 ∙ ቂln൫5 േ 2√6൯ ൅
𝜋
2

𝑖ቃ    ൌ    
𝜋
2

െ 𝑖 ∙ lnሺ5 േ 2√6ሻ 

 

 

 


